PERMANENT CONFIGURATIONS IN THE PROBLEM OF
FOUR BODIES*

BY
W. D. MacMILLAN anp WALTER BARTKY

1. Introduction. Two permanent configurations in the problem of three
bodies have been known since the time of Lagrange, namely, the straight
line and the equilateral triangle; each of these configurations exists whatever
the masses may be. A complete generalization of the straight line configura-
tion to # bodies was given by F. R. Moulton,{ and some particular instances
of other configurations have been given by R. Hoppe,} Andoyer,§ and W. R.
Longley,|| each of which contains some element of symmetry.

In the present paper the problem of plane configurations (evidently, with
the exception of the tetrahedron, there are no three-dimensional configura-
tions) is removed from the field of differential equations to those of geometry
and algebra by means of two theorems which hold for any number of bodies.
The results of these theorems are used to give a complete and detailed
analysis of the quadrilateral configurations of four bodies. It is evident that
the method is applicable to any number of bodies.

2. The differential equations. Suppose there are » particles in the xy-plane
which attract each other along the lines joining them according to any given
function of the distance, but which, for simplicity, will be taken to be the
inverse nth power of the distance. The differential equations, referred to the
center of gravity of the system, are

Xi — X; Ccos 0,',‘
xi” = - Zmi = —ij ’
f,',"+l "ii"
yi— ¥i sin 0;; ..
W= = 2mi——— = = m =1, ,mj =i
r‘iﬂ r‘jﬂ
or, in polar codrdinates, in which
x; = r;cos b, y; = r;sin Oy

* Presented to the Society, September 2, 1932; received by the editors May 16, 1932.

t Periodic Orbits, published by the Carnegie Institution of Washington, 1920, p. 285.

t Erweiterung der bekannten Speciallosung des Dreikorper problems, Archiv der Mathematik und
Physik, vol. 64, p. 218.

§ Sur Péguilibre relatif de n corps, Bulletin Astronomique, vol. 23 (1906), p. 50.

|| Some particular solutions in the problem of n bodies, Bulletin of the American Mathematical
Society, vol. 13 (1906-07), p. 324.

338



THE PROBLEM OF FOUR BODIES 839

the equations are

cos (0;,' - 0;)

gl = = o, 2 T 0
1
sin (0;; — 6;)
8! + 200! = — Zmi—(’——— :
rii®

In these equations 8;; is the angle which the line 7;; makes with the x-axis.
If there exists a configuration which moves like a rigid system with the
angular velocity w, the mutual distances are all constants, say
r; = l,', ri; = lij;
and the angles are all linear functions of the time, say
0.' = 0.'(0) + wt, 0,‘,‘ = 0;,'(0) + wt.
The differential equations reduce to

CoSs (0,','(0) - 05(0))

>om; = o,

L

sin (0,','(0) - Og(o))

Zma
l.‘,‘”

(2)

The left members of these equations are the components of acceleration of
the particle m;, along the radius vector r; and perpendicular to it, due to the
attraction of all of the other bodies. Expressed in words these equations give
the following theorem:

THEOREM 1. If a plane system of free particles, whick is acted upon by no
forces other than those of their mutual attractions, rotates about the center of
gravity like a rigid system then the resultant acceleration of eackh of the particles,
due to the aliraction of all of the other particles, passes through the center of
gravity of the system, and in magnitude is proportional to the distance of the
particle from the center of gravity of the system; and, conversely, if there exists a
plane configuration of n bodies in which the resultant acceleration of each
particle passes through the center of gravity of the system and in magnitude is
proportional to the distance of the particle from the center of gravity, then the
system in this configuration can rotate like a rigid system.

3. The possibility of Keplerian motion. The hypothesis of rigidity is
stronger than is necessary, for the configuration is preserved if the system is
altered in such a way that the ratios of the mutual distances are not changed;
size and orientation being non-essentials.
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Suppose one knows a configuration in which the resultant acceleration of
each particle, due to the attraction of all of the others, is directed toward
the center of gravity and in magnitude is proportional to the distance of the
particle from the center of gravity, and equations (2), therefore, are satisfied.

Let p and 6 be new variables, and in equations (1) take

ri = pli, rii = plij,
0; = 659 + 9, 0;; = 01','(0) + 6.
Equations (1) then become

1 cos (0,9 — 6,
liP” — lip0/2 - z:ml ( 1 )‘
p" [”,n

Li(p0"" 4 2970") = 0,

which, by virtue of equations (2) and removal of the factor /;, become

w?
pll — po’z —_ ___;,
p

pb” 4+ 2p'0" = 0.

These are the equations of motion of a particle which is attracted towards
a fixed center by a force which varies inversely as the nth power of the dis-
tance. Hence

TueoreM I1. If a configuration of n particles exists for which motion as a
rigid system is possible, then each particle of the system can move just as though
it were attracted toward the center of gravity by a force which varies inversely as
the nth power of the distance in such a way that the configuration is preserved.

If the law of attraction is the Newtonian law and the configuration is
such that circular motion is possible, then motion in a conic section in ac-
cordance with the laws of Kepler also is possible, the configuration being pre-
served throughout the motion.

PERMANENT QUADRILATERAL CONFIGURATIONS

4. Vector equations. Given four masses, m., ms, m;, m,, and the quad-
rilateral of which they are the corners, Fig. 1. Let the line m.m, be 71, mams; be
r,, etc.; let the diagonal m.m; be 75 and the diagonal mam, be 75. Let ay, as, as, as
be unit vectors parallel to 7y, 72, 75, and 74 respectively, taken as in the figure.
The sides 7, and 73 intersect in the point 4, and the sides 7; and 7, in the point
B. Starting at m, let ar; be the distance along the line 7; to the intersection
with the opposite side (the point A or B). The ratio a; is positive if this
direction is the same as that of a;; otherwise, negative; and let 8;=a;—1.
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If L;;, is the line which coincides with the side 7, of the quadrilateral, and
if I;is a variable vector with its origin at m;, and ¢; is a variable parameter,
the vector equations of the lines L;, are

A

Fig. 1

I, = tinar + (1 — t)Bsrsas,
I, = tyreas + (1 — t3)Binay,
I3 = tyrsaz + (1 — t5)Bereas,
1, = tyias + (1 — 8,)Barsas Bi=ai—1,a;i—B: =+ 1).

For certain values of the parameters #; the vectors I; coincide with the diag-
onals of the quadrilateral. These values are

)

Bi+1 1 .
to= s , 1 —1t;,=—— at the point m;s;
iyl Qi1

and therefore the vector expressions for the diagonals are

1 1
Ii; = —[Bniar + Baraasl, I, = —[Bsrias + Barsa:),
A Oy

(4)
1 1
I, = —"[33'232 + Bl"lal]; I, = —[611'434 + B.’;f333]~
[+ %] a1
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Of course,
I3+ I3 = 0, Iy + I, = 0.

Let M be the sum of the four masses, and let G,, G, Gs, and Gy be the
vectors which represent the center of gravity of the system with respect to
the masses m,, ma, ms, and m, respectively. Then

MG, = monai + msliz — myria,,
) MG = mgrias + mulss — miria,,
MG3 = myrzaz + milz — maraas,

MGs = mirias + malsp — myras;
and the substitution of (4) in (5) gives

1
MG, = ——-[(az"lz + Bams)ria; + (Bams — a2m4)"4&4]:

a2

1
MG, = —[(aams + Bsma)raas + (Bima — asml)"lall,

a

(©) N
MGs = —[(aums + Bumi)rsas + (Bam:y — aums)raa],

ay

1 .
MG = —[(aam1 + Bima)rsas + (Bamy — aims)rsas).

ay

5. Relations among the o’s. From the triangle m.m.B it is found that

1 Bs
reas = — —na; + — T8y,
ag [ 7}
and similarly
1 B1
rsaz = — —raa; + —na.
[¢ 4] [+ 3

These values substituted in the equation

riay + raa: + ras + r@s = 0
give the equation

1

Q3

[(BaBs + araz)riar + (BsBs + azas)rias] = 0.

Since a; and a, are non-collinear vectors, it follows that, if aeas=,

aios + B2 = 0,

7
M azas + B384 = 0;
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and, similarly,

asay + B4f1 = 0,
ason + Bife = 0.
Only two of these relations are independent, for if the first and fourth are
solved for a; and «, and the results substituted in the second and third, both
equations are satisfied identically.
From the differences of these equations one derives also
Biaz + Beaz = — 1,
asBi = ayfs, Baas + Bsas = — 1,
s = aifs, Bsas + Baar = — 1,
Bsoy + Braz = — 1.

6. Relations between sides and diagonals. From the triangles mmyms,
Bmym;, and Amam; are obtained

(1.5)

752 = 712 + 1‘22 - 2717‘2 Cos (7’11’2),
adrd = BErd + r + 281172 cos (rirs),
BErd = r + a2r? — 2asrirs cos (r172).

The elimination of cos (r,72) between the first and second, and between the
first and third equations, gives two expressions for the diagonal r;, namely

Bir? = aufir? + aurs? — 0132732,
a2752 = 32712 - a2321'22 + 6421’42.

(8)

Similarly, for the diagonal s,

Bire? = asr? + asfard — afré,
arrd = — afird + Bird + Burdd.

The elimination of 7s> between the two equations of (8), or 7¢* between
the two equations of (9), leads, after some reduction, to the equation

B2(Byr + asr?) — Bs(Bsrd + aurd) =0, or
o1(Bir? + asrs’) — as(Bsrd + awrd) = 0,
since the determinant B3 — 84 is zero.
Since a3 and aq are expressible in terms of oy and a; by means of (7),

equation (10) is a relation between the six quantities 7y, 7;, 73, 7, o1, o2 Re-
garding the four sides and a; as given, this relation then determines a;, and

©)

(10)
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then o3 and a4 by means of equations (7). For this purpose equation (10) is
most simply expressed as a cubic in (8., namely,

[afr} - 612”42 ]323 + [0112131(712 - 732) + alrd — aiBirf ],322

— [a2 (a1 + B)72]B: — ar¥r# = 0.

Thus if the four sides ry, - - -, 7 are given, there may be three quadrilaterals
which have the same value of oy, but when a choice of these three has been
made, 7;? and ¢’ are simply computed by means of (8) and (9).

7. The resultant acceleration. The resultant acceleration of each of the
particles m;, m, ms, and m, in turn due to the attraction of the other three
particles is

(11)

Mg ms3 my

of my, —na + “3113 — —ra; = A,
7.3 75 red
ns My my

of may, —reay + — Iy — —har = A,
723 fes 71
my m, me

of ms, —rnaz + — I — —ax = A,
73 £ 4]
my Mma ms

of my, — @t -3)1'42 — —ras = A
re 4] 73

On substituting the values of I;; from (4) and using the notation

1
— =R,

7',‘3
these expressions become

1
A, = —[(asRimz + B2Rsmy)riar + (BaRsms — asRama)reasl,

a2

1
Ay = —[(asRyms + BsRems)raaz + (BiRems — asRimy)rian];
a3

(12)

I

1
———[(a4R31n4 + ﬂ4R5m1)raa3 + (ﬁzR{,ml — (L;Rg"lz)fg&a],
oy

1
A= _[(alem'l + 61R6m2)7484 + (BaRemg — a1R37n3)1’383].

a)

A;

In order that the resulting acceleration on each particle may pass through
the center of gravity of the system and be proportional to the distance of the
particle from the center of gravity, it is necessary that

Al:Ag:A3:A4: :G1:G2:G3:G4.
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Let the factor of proportionality be MR,, so that
A, — MRG; = 0.

Furthermore, let
(13) Ri— Ry = S..
Then, on multiplying equations (6) by R, and subtracting from the cor-
responding equation of (12), it is found that the conditions which are neces-
sary for a permanent configuration are

(eaSimy + BaSsma)riar + (BeSsms — asSimyriae = 0,

(asSams + BsSema)raas + (B1Semq — azSimy)ria; = 0,

(aSsma + BaSsmi)rsas + (B2Ssmy — asSama)reas = 0,

(a1Symy + B1Semsz)reas + (B3Seme — arSams)rsas = 0.

(14)

Of course the masses must be positive and, since

M
MRy = — = o,
1’08
R, must be positive if the forces are attractive. _
8. The equations of condition. If the vectors ai;, as;, a;, and a, are non-
collinear, it is necessary that all of the coefficients in equations (14) vanish,
and since, by (7),

Bit1 a;

riaiadr (i=1,2,34)
(circular permutation of the subscripts), this requires that

Siagms + SsBams = 0, Seaams + S3fams = 0,
(15) Seazms + SeBsmy = 0, Ssazms + SeBsms = 0,

Ssagme + SsBamy = 0, Seaams + S1Bemy = 0,

Saymy + SeBime = 0, Sgaymy + Sefime = 0.

In order to facilitate comparison, the equations in the second column have
been circularly permuted once, that is, the last equation as derived from (14)
has been placed first.

These equations are linear and homogeneous in the masses. A comparison
of the first equations in each column shows that, since the determinant must
vanish,

S]S;; = S;,Su ’
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and from the other equations, taken in pairs, it is seen to be necessary that
(16) 5153 = S25¢ = SsSe.

If these conditions, equations (16), are satisfied, the equations in the second
column of (15) will be satisfied if the equations in the first column are satis-

fied.
The determinant of the equations in the first column is easily found to be

A = 5152535 wiasazay — S52S6281828:84,
which, by virtue of equations (16), reduces to
A = 5152535 i(aiazozas — B1B2B3B4).

From the first and third of equations (7) it is seen that

ajay = — Bafs,

azay = — PP
Hence

ajazazas = 31828364,

and the determinant vanishes, if equations (16) are satisfied. Three of the
masses can then be determined in terms of the fourth; for example, from (15)

(17) ar Sq Bs Slm +¢13 Sh
Mme = —— —m, MmM3= —-— —m, Mg=-—+— —m.
? Br Se ’ B Sy ) B So
9. The necessary condition. In order that the problem may admit a solu-
tion other than the straight line solution; it is necessary that

5153 = 5254 = SBSB,
or

(Ry — Ro)(Rs — Ro) = (Rz — Ro)(Rs — Ry)
= (Rs — Ro)(Rs — Ry).

From these equations it is found that

RiR3 — ReR, RsRy — ReRs
(18) Ro = =
Ri+Rs—R;— Ry, R+ Ri— Rs— Rs

= )
Ry+ R — Ry — Rs

and therefore
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(Rl - R2)(Rl - Rd) _ (Rl - Rﬁ)(-Rl - RG)

SI=R1— 0= = y
Ri+R;—R;— R, Ri+ Rs— Ry — Rs

(Re — R)(Rs — Ry) (Ry— Rs)(R: — Re)

52=R2—R0= = )
Ri+R;s— R, — Ry, R;+ Ri— Ry — Rs

(Rs — R;)(Rs — R)) (Rs — Rs)(Rs — Re)

S3=R; — Ry = = )
(19) Ri+R;—R:— Ry Ri+R3s— Rs— Rs
(Rs — R))(Re— R;)) (Rs— Rs)(Re— Ro)

S4=R4—Ro= = ’
Ri+R;—Ry,— Ry Ry+Ry— Rs— Rs

(Ri— Rg)(Rs — Rs) (Ra— Rg)(Rs — Ry)

S5=R5—Ro= = ’
Ri+R;—Rs—R¢ Ry+ Ri— Rs— Rs

R, — Rg)(R¢ — R Rs — Rg)(Re — R
o e . RTROR=R) _ (Re= RYRe= R

Ri+R;—Ri— Ry Ry+ Ri— Rs— Rs

From these expressions for R, it is seen that if two pairs of opposite sides
are given, R, is determined uniquely except when the members of one pair
are equal respectively to the members of the other pair. Suppose ri, s, 73,
and 7, are given and that the two members of the pair 74, 7; are not equal to the
two members of the pair r,, 7,. Then

Ro = R1R3 - R2R4/Rl + R3 - R2 - R4)
and, automatically,
3133 = 5254 = )\,

where A is some definite number. It is still necessary to determine the mem-
bers of the other pair 7;, 74, which may be called the diagonals, so that also

5556 = )\

For this purpose the shape of the quadrilateral is available.

Before going into this, however, it is desirable to take up the exceptional
case first, the case in which equality exists between the members of the two
given pairs of sides.

10. Particular case, 7, =r,, r3=r7,. In the particular case in which r; =7,
and 7; =7, it can be assumed that 7, > 7;, as this is merely a matter of notation.

The relation
S1S3 = S595,

is satisfied whatever R, may be. Consequently R, can be chosen so that
5153 = SzSa = 5556,
that is, by using the second or third form of R, in equation (18).
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Itis seen from Fig. 1 that, for this case,

reotg = — 71131;
and
rias = — 14,
so that
az=—31, 013=—/34, B2 = — ay, Bs = — aq.

Then, by means of equations (7), it is found that

a2=1—a1, 32=—a1,
(20) a3 = 2 - ay, 63 = 1 - Qy,
ay =a; — 1, Bs=ar— 2,

and all of the o’s and B’s are expressed simply in terms of a.
The expressions for the masses become

ay S4 a1 R5 - R3
My = — — —m = — — — my,
B1 Ss B. Ry — Rs
(21) mz = my,
+2—a151 2‘—(11R5—'R1
my = —my = —my;
! ar—18  1—a Re— Ry
and for the diagonals
a,? 2 — ay)?
rst = - n?— ( Y r?, re = (1 — a))(r? — 3.
ay — 1 ay —

Under the assumption that 7, >7;, it is evident from the geometry that
n—r3s=rs =+

and, if p denotes the ratio of r; to 7,, it follows from the above expression for
4 52 that

—20/(1—p) S £ 20/(14+p) £ + 1.

It also follows that a; =0 when the sides 7; and 7, form a straight line; but
this was already known from the definition of «;.

11. Conditions necessary for positive masses. In the particular case under
discussion, m; is positive if m, is positive, which will be assumed. Starting
with the maximum value of a;, namely

a = 2p/(1 +p) £ 1,

for which r; vanishes and r¢=r,—r;, the ratio ay/B: is negative until o,
vanishes and thereafter is positive, but the coefficient (2 —ay)/(1 —a) in my
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is always positive. Changes of sign in the masses m, and m,, considered as
functions of a; and p, occur for the following critical values (compare (21)):

(2) for which £ 0
a rs =71 or which p = v mg = 0,
s (3 — 3a, + a)!’ 2

(1 - + aﬁ)”‘l

(b) rs = r, for which p = my = 0,
2 — o
(C) a = 0, me = O,
. 1 — 2p?
(d) re = r3 for which ¢j = ——— my = o,
1 — p?
—_ p2
(e) re = ri  for which o, = ) My = ©,
1 — p?

The curves represented by these equations are shown in Fig. 2, in which
a is the abscissa and p is thé ordinate. The area in which m, is positive is
hatched horizontally. The area in which m, is positive is hatched obliquely.
Consequently both m, and m, are positive in the area that is cross hatched.
Any point in this cross hatched area leads to a real, positive solution of the
problem, provided R, also is positive, as is actually the case. It is seen that
there are two such areas that are not connected, and that one of these areas

is sub-divided into two areas that are connected at the point ay=+1/2,
p=+1

.
b T [T T 77
"""""""l""""""" [ 77
"'"""""'l"""""""""" 777

0

8

LLL
L7
..'."'I. T 77777777 ""' """’.".

LI LLLI LT 117777 777 " )
I'l"""'l' 77777777 l"" y <
LILLLLE, 'I'I'I'IIIII" 777 N
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p=1/3"2, This point corresponds to the equilateral triangle in which r,=r,
=73, and since 7; =7, the fourth particle m, is at the center of the equilateral
triangle. Three of the masses are arbitrary but equal, while the fourth is
entirely arbitrary, and this is the only case in which the masses are not
uniquely determined, if the quadrilateral is given.

The condition that R, =0 is

R\Rs — RsRs = 0,

and this leads to the equation

200 — 4oy + 3 £ (321 — 3)(2a; — 1))172
202 — a)? '

pt =

The condition that Ry= o is
R1+R3—R5—Rs=0.

It can be expressed as an equation in p and a; but is too complicated to write
down. Both of the curves Ry=0 and Ro= are shown in Fig. 3. The two -

p=+1

e . . . y
Fig. 3

curves intersect at the points 0, 0 and.1/2, 1/3'2, both of which are conspicu-

ous in Fig. 2. A superposition of Figs. 2 and 3 shows that R, is positive every-

where within the cross hatched area of Fig. 2. There are therefore two groups

of solutions for the special problem in which 7, =r,. In the first group o is

negative, and the quadrilateral is convex. In the second group
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0fEay =+ 1,

and the quadrilateral is concave. The masses m, and m; are always equal,
while m, and m, may have any positive values whatever.

12. Resumption of the general case. Aside from the exceptional case in
which two pairs of adjacent sides are equal, R, is uniquely determined by the

condition (§9)
5153 = 3254 = )\,

assuming that ry, 7., 75 and 7, are given. The shape of the quadrilateral, how-
ever, is still arbitrary, that is, oy is still at our disposal. After «; has been
fixed o, is determined by equation (11), which is a cubic in Bs, and then as
and a, by equations (7). Hence 75 and r¢ can be thought of as functions of a;,
and the point is to determine o4 so that

S 55 6 = X.
From the first equation of (8) and the second equation of (9) are obtained

agrs = * (anfir? + ars® — Birs®) 2 = @,
and

Bsrs = + (aure® + aufiri? — Bird)'? = Q.

Using the first of these equations, it is found that

-7+ s O Birs

Ay = ————» a3 = — ay = ———
Birs + Ou 3 Birs + Ox

ﬁz _ —-am;_’ ﬁ3=f_73+Ql, [34= —Ql .
Birs + Qx 73 Birs + Ql

and from the second equation,

ay = ——02 ’ az; =1+ %’ o0y = ___Blfa ’

airs + Q2 73 ars + Qz
- ars Qz rs + Qz
=— = Bu=———

ayrs + Qz 73 ars + Qz

On substituting these results in the second equation of (8) and the first
equation of (9), the two following equations are derived:

— Birs' + [alr? + a(— 72 + 72 — 72 + 7d) + (rs2 — rd) |rs?
(22) + [0112"12‘("32 - '42) + 011("32 - 742)(722 - ’12)]
+ [oa(r® — 722 + 75) — 272]rsQ1 = O,

and
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+ awrgt + [0112”12 +a(—r2—rd2+rd—rd + 742]r62
(23) + [— 0112('22 - 732)1’12 + 011(7’12 -+ 742) (7'22 - f32) - (7’22 - 7’32)7’42]
+ [01(712 —rld 4 )+ (—r2+rd2 4+ "62)]"3(_)2 = 0.

If rationalized the first would be an equation of the eighth degree in 75 and
the second of the eighth degree in 7,. These equations determine 7; and 75 as
functions of a; and the four sides 74, 7,, 73, and 7,. On substituting these values
of r; and 7g in the equation

1 1 1 1
ey ASre -> =A
s ré e rd

there is derived an equation which determines a,. It is not practical to do this
literally. One can determine o, as accurately as may be desired from these
equations by a series of approximations in numerical cases, but the process
is laborious.

13. Convex and concave quadrilaterals. Suppose that pegs are placed at
each of the four masses. A string is passed around them and drawn taut. Two
cases are distinguishable:

I. The string touches all four pegs, and
(a) no three pegs are in a straight line;

(b) three pegs are in a straight line, but not four;
(c) four pegs are in a straight line.

II. The string touches only three pegs, the fourth being inside of the tri-
angle formed by the other three.

If the conditions of Case I(a) or I(b) are satisfied, the quadrilateral will be
called convex. Case I(c) is the straight line configuration with which we are
not concerned. If the conditions of Case II are satisfied, the quadrilateral will
be called concave .

In all cases at least three masses touch the string. Let these three masses
in counterclockwise order be m., m,, and ms. If m, also lies on the string it is
between m; and m, and the quadrilateral is convex. If it does not touch the
string it lies inside of the triangle formed by m,, m., and m;, and the quad-
rilateral is concave. This convention as to the masses eliminates duplication
of cases that differ essentially in notation only.

It is seen from Fig. 1 that the ratio

a) [+ 3]

B1 a;— 1
is positive wherever the point B on the line L, may be, provided it does not
lie between m,; and m,, and in the interval mm; it is negative. In general,
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a a a

(24) for convex quadrilaterals, => 0, Zs 0, =S 0, & > 0;
B B2 Ba Ba

and
[+3} [+2)] [s £ [+ 73

(25) for concave quadrilaterals, — < 0, <0, —>0, —>0.

8, B2 B3 Bs

14. Admissible convex quadrilaterals. From equations (13), (15), and
(16) one sees that in any solution of the problem

a) R4—‘Ro (23] RS_RO
Mmeg = — — my = — — my,
B:1 Rs — Ry B1 Ry — Ry
ag Rl—Ro a2 Rs—RO
mz3 = — — me = — — me,
26) B: Rs — R B2 Rz — Ry
[+ 43 Rz—'Ro a3 Rs"‘RO
my = — — my = — — ms,
B3 Rs — Ry B:s Ri— R,
ay Ra'—Ro [o 7 RG—RO
m = — — —_— My = — — my,
Bs Rs — Ry Be Ry — R
and

(27) (R — Ro)(Rs — Ro) = (Ry — Ro)(Ry — Ro) = (Ro — Rg)(Ro — Re).
First hypothesis: 7,>7,. From their definitions it follows, if 7, >rg, that
R, < Ry;

and since for convex quadrilaterals «./8:>0, ¢=1, 2, 3, 4, and since the
masses are necessarily positive, it is found from equations (26) that

Ry, Rz, R3, Ry < Ry < Rs, R,
and therefore
71, T2, 73, ¥4 > To > ¥5, 15,

that is, each of the four sides is greater than 7, and each of the two diagonals
is less than 7,. This is a geometric absurdity for a convex quadrilateral, as is
easily proved. Hence there are no solutions of the problem in which 7,>7,.

Second hypothesis: 7, <7o. This hypothesis merely reverses the inequal-
ities of the first hypothesis, but includes the equality sign. Hence, in this case,

Ty, 12, 13, T4 S 79 S 75, 16;

that is, each of the four sides is less than, or, at most, equal to 7,, and each of
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the diagonals is greater than r,. Quadrilaterals of this type are geometrically
possible. In order to show this, let 7 and 7, be given with

r < ro.

Draw r; as in Fig. 4, and let m, and m, be at its extremities. With m, and

Bl Ax m, 7 m, Az Bz
Fig. 4

m, as centers draw semicircles with the radius r,, intersecting at the point O.
With O as a center draw the arcs a,b, and a»b; also with the radius r,. Since

1’5>fo>7’2,

the mass m; lies outside of the semicircle B;0OA4, and inside of the semicircle
A,OB;; that is, it lies inside of the area OA4.B,. Likewise, since

76 > 7o > 74,

the mass m, lies outside of the semicircle 4;0B; and inside of the semicircle
B,0A4,; that is, it lies inside of the area OA.B:. The possibilities are further
restricted by the fact that s, which is the line joining m; and m,, also is less
than ro. Hence m; must lie inside of the area Oasb., and m, must lie inside of
the area Obya;; and the distance between m; and m, must be less than 7,.

A quadrilateral will be called an admissible quadrilateral if, for properly
chosen masses, it can form a permanent configuration. With this definition
we can state the following theorem:

THEOREM. For every point ms in the region Oasb, there exists one and only
one point mq in the region Obia, which together with the points m, and msy forms
an admissible convex quadrilateral; and for every point mq in the region Obia,
there exists one and only one point ms in the region Oasbs which together with the
points my and ms forms an admissible convex quadrilateral. No such points exist
outside of the areas Ob,a, and Oasb,.
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Let m; be taken anywhere within the area Oasb.. With m; as a center and
a radius 7, describe the arc pq intersecting the arcs Og, and Ob, in p and ¢. Any
point m, which lies in the area Opq together with m,, m,, and m; will form a
quadrilateral which satisfies the inequalities

Ty, 12, 73, e < 19 < 75, Te.

It remains to show that there is one and only one such point at which the
equalities

(28) (Ri— Ro)(Rs — Ro) = (Rz — Ro)(R« — Ro) = (Ry — Rg)(Ro — Ry)

also are satisfied. The quantities R,, R, R,, and R; are given by the assumed
data.

All of the factors which occur in (28) are positive in the area Opg. With
ms as a center and a radius p, such that

Oms < p = 7o,

describe an arc of a circle which cuts Op at the point s and Oq at the point ¢.
Imagine the point m, lying on this’arc sz and moving from s to . The factor
(R«—R,) is positive at s, decreases steadily, and vanishes at #, while the factor
(Ro— Rs) vanishes at s, and, increasing steadily, is positive at £. Hence there
exists one and only one point p on st at which the equality

(Ry — Ro)(Ri — Ry) = (Ro — Rs)(Ro — Re) = Np)

is satisfied. This is true for every value of p, and the locus of p as p increases

is a certain curve C which passes through the point O and cuts the arc pq

in some point %. It is evident that N(p) vanishes at O. Its derivative with re-

spect to p is

(29) d\ (R R )dR4 (R R )dRo
dn = 2 0 dn = 0 5 dp

Since R;= 1/7’.'3,

dR, dRs
— >0 and — <0,
dp dp
and therefore
ax
— >0,
dp

as the point p moves along the curve C; at O. Regarding r¢ and 75 as bipolar
coodrdinates of the point p , it is seen that dr, and drs cannot both vanish,
since the point p does not lie in the line which passes through m, and m,.
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Therefore dR, and dRs cannot vanish simultaneously, and since (R:— R,) and
(Ro—Rs) are constants, it is seen from (29) that neither can vanish, and
therefore d\/dp is always positive. Hence the value of N increases steadily
from zero at O to some positive value at .

On the other hand the value of (R,—R,)(R;— R,) is positive at O, de-
creases steadily, and vanishes at #. Hence, for a given m;, there exists one

and only one point m, on the curve C, and therefore within the area Opg, at
which the equalities

(Ri — Ro)(Rs — Ro) = (R — Ro)(Ry — Ro) = (Ro — Rs)(Ro — Ry)

are satisfied.

The first half of the theorem as stated is therefore established; and the
second half follows from symmetry.

13. The ratio of the diagonals. Instead of drawing the diagram with », and
7o as the fundamental lines, let 7s and 7, be used (r; >7,). In Fig. 5, let m, and
m; be the end points of 7;,. With each of these points as a center draw circles
of radius 7, intersecting at the points O; and O,. With the points O; and O as
centers draw two more circles with the radius r,. These last two circles pass
through m, and m; and intersect the arcs 0,0. in the points p, ¢1; p2, and ge.

Since for all admissible quadrilaterals
r1, 7o, 73, 74 = 7o = 75, g,

it is seen that m, lies in the area O,p.q:, and m; lies in the area Ospags, and it
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can be shown, just as before, that for every m, in the area O:p:¢; there exists
one and only one m, in the area O,p.¢. which, together with m,, m;, and m,,
forms an admissible quadrilateral. Similarly, for each m, in O,p.q. there is
one and only one m, in the area O;1¢:.

It is evident that if 7, is kept fixed, and r, is increased, the areas O;p.q;
shrink and for a certain value of »; are reduced to two points. For larger
values of 7, admissible convex quadrilaterals do not exist.

From Fig. 5 is obtained
2 0 O 2
(2
2 2

But since 0,0, 2 75 2 7, it follows that

IIA

rs < 3%, and 7 < 32,

therefore

lIA

rs < 3%, and 7 < 3%,

Whence the

THEOREM. The ratio of the diagonals of an admissible convex quadrilateral
lies between 1/3'2 and 32

This theorem is a generalization of Longley’s theorem for the rhombus.

16. Limitations on the interior angles. There is a corresponding limitation
on the magnitudes of the interior angles of an admissible convex quadrilateral.
It is evident from Fig. 5 that the interior angle at m,, Zm;, is less than the
angle Oym,0z; and that the maximum value of this latter angle is had at the
limit 7, =7, in which case it is 120°. Hence

£ my = 120°
From Fig. 4 it is also evident that the Zm; is greater than the angle

Omyms,, and that the minimum value of ZOmm, is had for the limiting value
r1=ro in which case it is 60°. Combining these two results, we have

60° < £ m, £ 120°,

The same inequality holds obviously for Zm.. On interchanging the role of
mq and my, and m; and m,, it is seen that the same inequality holds for all of
the interior angles.

THEOREM. Each of the interior angles of an admissible convex quadrilateral
lies between 60° and 120°.

By a similar method, using Fig. 5, it can be shown that we have the
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THEOREM. I'n any admissible convex quadrilateral the diagonals divide each
of the interior angles into two angles each of whick is less than 60°.

17. Admissible concave quadrilaterals. If r, <7, it is found from equations
(25) and (26) that

73, T4, g > To > T1, 13, 15

which is geometrically impossible for a concave quadrilateral.
If r127,, the inequality signs are reversed and the equality sign is added.
Hence a necessary condition for admissible concave quadrilaterals is that

(30) r3, 14, 76 = 79 < 11, 72, 75.

P

0,
Fig. 6

The possibility of quadrilaterals of this type is shown in Fig. 6. Let mm.
be 7. With m, and m. as centers draw circles of radius r,. Since ri+rs=r =7,
and 7, 74 <7, it is seen that

Let these two circles intersect in the points O and O,. With O as a center and
a radius equal to 7o draw the arc EPF.
On account of the inequalities (30) and the adopted conventions (§13)
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it is evident that m, must lie in the region T or T3, and m; must lie in S; or
S,. An argument similar to that used in §14 shows that if m, is any assigned
point in T;+ T, there exists one and only one point m; in the region S1+Ss;
but for any assigned point m; in the region S;+.S; there exists one and only
one point 7, in the region T+ T2+ U, at which the equalities

(Ro — Ry)(R3 — Rg) = (Ro — Rg)(Ry — Ry)

(31)
= (Ro — Rs)(Rs — Ro)

are satisfied. All of the factors in (31) are positive if m; and m, lie in the as-
signed regions. One sees from the last equality, if 7, <7, that r, <7, and there-
fore if m, lies in Ty, m; lies in S1; and if m, lies in T, m; lies in S,. Notwith-
standing the fact that for all admissible concave quadrilaterals m, lies in
T:1+ 7T, and m; in S1+S., it is not true that all quadrilaterals which satisfy
this condition are concave. There exist convex quadrilaterals for which m,
lies in 71+ T and m; in S;14S: for which, the equalities are satisfied, but for
all such convex quadrilaterals at least one of the masses is negative, as was
shown in §14. This means that the regions S,+S: and 71+ T, are not suffi-
ciently restricted. A plane concave quadrilateral cannot change in a contin-
uous manner into a convex quadrilateral without passing through a configura-
tion in which three of the corners lie in a straight line, and the curves .on
which this happens pass through the regions T, T, S, and S:. Since the
masses are all positive for the concave quadrilaterals and at least one of the
masses negative for the convex quadrilaterals, it follows that at least one of
the masses vanishes on the boundary.

There are three of these bounding loci:

(I) m, lies on the line mms,,

(II) m, lies on the line mms,

(III) mq lies on the line mams;.

The two dynamical equations (31) must be satisfied in all cases, but the
geometric equations (8) and (9) take different forms in the different cases.

Case 1. m lies between m, and my. One finds readily under this condition
that

£
oy = — a2=0, a3=+1,
71
71 s
ag=1—— = — —,
T4 74

and the geometric equations (8) and (9) reduce to the two equations
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rL =14+ 15,
rirs? = rerg + rers’ — rirere.

Thus between the five quantities 7, 73, 74, 75, and 76 there exist four rela-
tions. One can imagine 73, 75, and 7 eliminated between these four equations,
leaving a single relation which defines the locus sought by means of the bi-
polar coordinates 7, and 7,. Actually it is not practical to do this, and one
must resort to methods of successive approximations in numerical cases in
order to obtain points on the curves. It should be noticed that these curves
depend upon the ratio 7o/7,, and therefore cannot be drawn once for all.

It is easy to solve the equations if m, coincides with either of the points
A or B of Fig. 6. The following are the results:

at A, Fo = 73 = T = Yo, T4 = 714 — 7o,

)
rs' =1 — nro + ro’;

at B, rs=ro=1r5=ry rs=1r — 10,
re =1 — niro + 1ot

At the point Q, a fairly simple solution can be obtained, since
ry = 2ry = 2re,
and the necessary equations reduce to
(Ro — R1))(Rs — Ro) = (Ro — Ry)(8R, — Ry),
re? = 72 + ir2

Let r;=Ary, so that r? = (A2+1)72. Also, if one takesA\—* =g and (A\2+1)-%2
=), then

R3 = aRl, R2 = le,

and
7+b6—a
R1=— —-I\g.
8b —a

In order that the inequalities 7o <7; <27, may hold it is readily found that
32 > 2N > 1.

The following table shows the values of the various ratios if m, is at the
central point Q.
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TABLE 1. VALUES OF THE RATIOS AT Q

z ﬁ _ 274 _ 27 ﬁ 2
7o - 70 B 7o 7o 7o

.8667 1.000 .8667 1.000
.85 1.014 .8620 1.000
.80 1.067 .8536 1.006
15 1.126 .8445 1.015
.70 1.195 .8365 1.028
.65 1.281 .8326 1.041
.64 1.301 .8326 1.056
.63 1.322 .8329 1.063
.62 1.344 .8333 1.070
.61 1.370 .8357 1.080
.60 1.396 .8376 1.090
.59 1.425 .8408 1.102
.58 1.458 .8456 1.116
.57 1.492 .8504 1.131
.56 1.533 .8584 1.151
.55 1.578 .8679 1.173
.54 1.631 .8807 1.200
.53 1.696 .8989 1.236
.52 1.772 .9214 1.278
.51 1.869 .9532 1.3314
.50 2.000 1.0000 1.4141
By interpolation 1.3 .8325 1.055
1.4 .838 1.090

1.5 .852 1.134

The following table gives values of the ratios on this curve for r,=1.57,.

r2/70 rs/70 r4/70 rs/70
1.323 1. 1. 1.
1.301 .960 1950 1.006
1.250 .923 .900 1.019
1.195 .863 .800 1.080
1.134 .852 .750 1.134

Case I1. m, lies on the line between m, and m;. In addition to the dynam-
ical equations, the geometrical equations are

r5= 13 + 74, 75r6 = rare® + rar\? — rarers.
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Two points on the curve, the two end points, are easily obtained, viz.:

(a) Te =13 = 15 = 19, rs = r¢ + 19, rd + rore + rd = 1%

(b) r3 = 1y = rg = 7o, rs = 27’0, 1'22 = 4?’02 - 7‘12.

Since 72=7,, (30), it follows that the point b is not real unless 7, <32 7,.
That is, Case II offers no restriction on the areas T, and S;, if 7, > 3Y2 7.

The following table gives the values of the ratios at three points on this
locus for 7,=1.5 7,.

/70 rs/70 re/70 r6/70
1.000 1.000 .725 1.000
1.135 .950 .900 .958
1.323 1.000 1.000 1.000

Case I11. m, lies on the line between my and ms. This case is symmetrical
with Case II and gives the loci which pass through and restrict the regions
S2 and Tz.

Fig. 7 shows the reduced areas Si, S, T1, and T, for the case r,=1.5 7,.

Fig. 7

18. Isosceles trapezoids. In case the convex quadrilateral is a trapezoid
with r; parallel to r,,

a=p1=a3=f; =,
and
Qs = —‘54, ag = — fs.

If the trapezoid is isosceles, one has also
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T = 1y, s = fg,

and
4] r3

’ B2 =

r, — 13 r, — r3

Qg =

The second equation of (8), which is geometrical, reduces to

(32) rs2 = rirs + o,
The dynamical equation (31) becomes
(33) (R1 — Ro)(Rs — Ry) = (Ry — Ry)? = (Ry — Ry)?,

from the last equality of which it follows, on extracting the square root, that,
since 7, <7, <rs by §14,
RQ_R0=R0—R5>O, or

(39
Rz + Rs = 2Ro.

A parametric solution of equations (32) and (33) can be obtained} as fol-
lows. Define the parameter « by the relation

(35) ra = k(rirs)l?2,

and it follows from (32) that

(36) rs = (1 4+ k2)12(ryr3)1/2;

also (34) becomes

&) = e (L e
(R‘_Rs)lﬂ

From the first equality of (33) is obtained
RiR; — (R1 + R3)Ro = Ry? — 2R3R,,
which becomes, on using (35),
(1 — kO RRs + 2 3Ro(R\R3)'? — (Ry + R3)Ry = 0,

or

(1 —«* + 2,‘—3_R°_ — (.&)4_&) = 0.
(RiRs)'™  \Ri Ry

Then, by means of (37),

RO Ro
(38) A=) + 3+ 1+ )32} - (E + E) =0
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From (37) and (38), it is found that

Ro Ro
= =141+ )32 =1+ ab,

R, R;
2R,

(R\Ry)!2
where

=+ 1+ =a+b

a =3 b= (14 k)30,

The solution of these equations is

ré = 31 +ab x (1 = (1 — 2)=]rs,

1/3
> ro’

(39)
rd = %[1 +abF (1 —-a)(1 — b2))1/2]r03,
and adding
b\1/3
re = k(ryry)'? = <a_-_l_—__> 7o,
2a
40 b
( ) rs = (1 + Kz)”?(f]f:;)l/g = (g__.t_
2b
e =« = (14 #2732,

the parametric representation is complete.

[October

A table of values of the ratios of 7o, 72, and 75 to 7, is given in the table be-

low.
TaBLE 11

a l b | r/n | r/n } rs/n rs/11

0 .0000 1.0000 1.0000 .0000 1.0000
1 0746 1.0001 .9556 .1968 1.0537
.2 1286 1.0004 .9370 .3002 1.0855
.3 1722 1.0015 9246 .3831 1.1127
4 2087 1.0034 .9160 .4555 1.1378
.5 2403 1.0066 .9106 .5224 1.1626
.6 2680 1.0117 .9082 .5867 1.1880
N 2927 | 1.0194 .9091 .6515 1.2157
.8 .3149 1.0321 .9146 L7212 1.2483
.9 .3351 1.0531 .9289 .8043 1.2912

1.0 3536 1.1390 1.0000 1.0000 1.4142

]
i
i
i
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A diagram, given in Fig. 8, shows that as « increases from 1 to « the
trapezoid changes continuously from a square to an equilateral triangle.
The two following theorems are evident:

Zn 7,

Fig. 8

THEOREM. There exists one and only one isosceles trapezoid for given values
of ro and ..

THEOREM. T'here exists one and only one isoceles trapezoid for a given value
of an inlerior angle, provided this angle lies between 60° and 120°.

The mass ratios. From equations (17) it is found that

For the trapezoid, however,
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ag ag

— = — =41,
Bl 33

and, since R, = R, and R; = R, equations (19) show that
Se=8¢= — Ss;

hence
my = mq, and m3 = my.

Also, from (17) and (7.5),

ﬁs _ Ei Sl _ as 51
m - B1 S T Ol—4 S_z
For the isosceles trapezoid —aq=f;; hence
ﬁ.__m_s_‘ale_rl S rn S1
mz_m1—62 52—7’_35_2_ _ZS-G)

which by virtue of (33) becomes
ms i/ Si\? rs rdd — r3\!2
mo 73(3§> B <Z'ro= - r;}) ‘
For ;=0 this ratio vanishes. As 7; increases, both fractions of the radicand
increase and have the limit unity. Hence as the trapezoid changes from the

equilateral triangle to the square, the ratio ms/m, increases steadily from zero
to one. Hence

THEOREM. For every m=my>0 and ms=m,>0, there exists one and only
one isosceles trapezoid configuration.

19. Quadrilaterals in the neighborhood of isosceles trapezoids. On return-
ing to Fig. 4 with the assumption that r; <r,, it is seen that in any given dia-
gram, that is, 71 =7, given, there exists one and only one isosceles trapezoid
point in each of the regions Oa.b, and Oasbs, and each of these points is the
reflection of the other in a plane P which passes through O and is perpen-
dicular to .. For other admissible quadrilaterals m, lies in or on the boundary
of Oab; and m; within or on the boundary of Oasb,.

Suppose mq approaches the boundary Oa, and that 7, <ro; then R ap-
proaches Ry, and on account of the dynamical equations

(41) (Ri — Ro)(Rs — Ro) = (R2 — Ro)(Re — Ro) = (Rs — Ro)(Rs — Ry),

R; also tends toward R, and so also does Rq, provided m, is not approaching
either of the points O and a,. That is, if m, approaches the arc Oa, (end points
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excepted), the point m; approaches the arc Oby, and if m; is on Oa,, the point
ms is on the arc Ob,, and 7, =73 =7;=r,. The points m,, ms, and m, form an
equilateral triangle and the mass m, vanishes. Now let m, move along the
arc a,0 toward the point O. The point m; simultaneously moves along the arc
Ob, toward the point b.. If the point m, is at the point O, the point m; may be
anywhere on the arc d,a,, which, extended, passes through m,. Thus m,, m,,
and m; lie on the arc of a circle whose center is at m,. The corresponding three
masses are all zero unless m; is at the end points a; or b..

Now let the point m, move along the arc Ob,. The point m; simultaneously
moves along the arc a,0. The triangle mymum; is equilateral, and the mass
ms is zero, and so on. It is seen that as m, moves around the boundary of its
region counterclockwise, m; also moves around the boundary of its region,
but in a clockwise direction; and throughout all of the motion 7; is constant
and equal to 7,.

Fig. 9

If m, and m; are permitted to move in their respective regions but subject
to the condition that r; <7, is constant, it is found that each point traces a
closed curve in its own region and that each of these curves is the reflection
of the other in the plane P, Fig. 9. Thus there is a family of curves r;=C <7,.
These curves shrink in length as the constant C diminishes; in fact, they
shrink down upon the isosceles trapezoid points as a limit (for the proof see
§21). Consequently, the smallest possible value of 7; for given values of 7,
and r, is that one which belongs to the isosceles trapezoid.
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20. Conjugate curves. If the point m; of an admissible quadrilateral de-
scribes a curve in the region Ss, m; and m, remaining fixed, the point m, of the
admissible quadrilateral also describes a curve in the region S;. Suppose these
curves are reflected in a plane which passes through O, Fig. 4, and is perpen-
dicular to r,; then if m; moves along the reflected curve in S;, m, will move
along the reflected curve in S,. These curves are conjugate curves. Do there
exist conjugate curves that are unaltered by reflection? The answer is in the
affirmative since the curves r; = const. obviously are of this type. Such a pair
of curves are self conjugate. Let C; and C, be the members of a self conjugate
pair; that is, C; is the reflection of Cy, and conversely. If m; lies on C; at a cer-
tain point p, m, lies on C, at a certain point 7. The reflection of = lies on C;
and will be denoted by 5; then p and / are conjugate points on Ci.

Since

(415) (R2 - Ro) (R4 - Ro) = (Ro bl Rs) (Ro i Re)

for every admissible quadrilateral, and since for conjugate points R,= R,
and R = R;, it follows that on every self conjugate curve

(Rz - Ro)(ﬁz - Ro) = (Ro - Rs) (Ro - -Rs)-
Since
Ts =1, To =14y and 74 = 7y

for the reflected quadrilaterals, equations (83 and (9) give
afe = — aifir? + BErd + BiF#,
Birst = + aifir? — airi + air?,
and the sum of these gives the relation
(42) aifg + Birs? = — (e + Ba)r? + (B + aurd),

which holds at the conjugate points p and 5. If  and p tend toward coinci-
dence, 7; tends toward parallelism with 7,, and in the limit a4, 81, a3 and B; are
infinite; but

lim (a3/01) = Bs/a1 = r1 /13, lim (81/a1) = + 1,
so that, when the two points coincide, equation (42) becomes

réd = nry +rf,
and equation (41) becomes

(Rg d Ro)2 = (.Ro - Rs)z.
Since these are the equations which define the isosceles trapezoid points, it

follows that every self conjugate curve, on which the conjugate points have a point
of coincidence, passes through an isosceles trapezoid point.
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As an example of a self conjugate curve of this last type consider the locus
of positions of m; for which

RQ_R[):R()_RE,.

From the dynamical equation (41.5) it follows that the conjugate curve is
defined by the relation

(Ri — Ro) = (Ry — Re),

which is the reflection of the locus for m;. Hence these curves are self con-
jugate and they all pass through the isosceles trapezoid points. The curves
for which r;=const. are self conjugate, but they do not pass through the
isosceles trapezoid points. They are closed curves which contain the isosceles
trapezoid points in their interiors.

21. Power series solutions in the neighborhood of isosceles trapezoids.
In order to investigate the properties of the self conjugate curves r; =const.
near an isosceles trapezoid point, a power series expansion of the solutions of
the geometrical and dynamical equations will be useful.

7

My
Iig. 10

Consider two points my* and m,* of a solution which is near the isosceles
trapezoid points m; and m, which are associated with the trapezoid r,, r,=7,,
73, rs=7s. Let the point m;* be defined by the polar coérdinates p;, 6; with
origin at ms, the polar axis being the line m, to m;. Likewise let the point m*
be defined by the polar coordinates py, 8, with the same polar axis but with
origin at mq, Fig. 10. Let 7y, r*, 75, 7, ri*, and 74* be the sides and diagonals
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of the quadrilateral associated with corners m,, ms, ms*, and m.*. Let a be the
angle between 7, and r,, and B the angle between 7, and 7s. Then
rd? = (r3 + p3 cos 03 — pq cos 04)2 + (p3 sin 03 — py sin 04)2,
r32 = r2 + p# — 2r9p3 cos (63 + @),
(43) rd =rd + pd + 2r2p4 cos (6 — @),
78 = ri¥ + pd + 2r5ps cos (6: — B),
F2 = r + pd — 275pe cos (64 + B).

76

Since the point m, is uniquely defined if m; is given, it follows that p,
vanishes if p; vanishes. If these values are substituted in the dynamical
equations (41), bearing in mind, of course, that

R¥ = (r})7,
and the equations are then expanded in powers of ps and p, there result the
two equations

— 3(Ry — Ry)R
(R, Dl (b3 cos 85 — pa cos B) + - - -

73
3(R2 - Ro)Rz
(44) = ———r———-(ps cos (63 + @) — pecos (6 — @) + - - -
2
3(Ro — Rs)R
=—£—o—r—§)—6(p3COS(03_ﬁ) - PdC05(04+B)) + Ty
5

the terms independent of ps and ps vanishing by themselves, since they be-
long to the isosceles trapezoid solution. The solution of the linear terms of
these equations gives as a first approximation to the complete solution

pe = p3, 0, = — 0s.
For further development let two new variables x and X be defined as follows:

Pe — P3

K= =Kxp+ kp*+ - - -,

P3
A=0+0=Np+Np’+ -,
p3s = p, bs = 0,

(45)

since x and \ are evidently expansible as a convergent power series in p,
the coefficients being functions of 6. With these variables, p, 8, «, A, the expan-
sion of the first equation of (43), up to and including terms of the second

degree in p, is
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(46) r¥ = r# + 2rs(— pxcos 8 + pAsin 6) + 4p?sin2 0+ - - - ;

and similar expansions can be obtained for the remaining sides and diagonals.
When these expansions are substituted into the dynamical equations (41),
not only the terms independent of p are satisfied by themselves, but the
linear terms also. Since x and X occur only in terms of at least the second de-
gree in p, k, and A, each of which contains p as a factor, the factor p can be
divided out, and there remain the two equations

Ri — Ry)R 2p sin? 6
(—l——ﬂ[xcosa——)\sino— £ +:|
£} 73
R; — R)R 1 — 5 cog?
=———————( : 0 2[—xcos(0+a)+)\sin(0+a)—p( S cos (0+a))]
72 72
31322 2 (0 + a) +
) r p cos a
(Ro — Re)Rs

=_____[_Kcos(a—a) —sin (0 — B) +

143

p(1 — 5cos? (8 — B))
s ]

Rg?
—3—opcos?(6—PB)+ ---.
7‘52
These two equations can be solved for xk and X uniquely as a power series
in p, as indicated in (45), provided the determinant of the coefficients of
and ) is different from zero. This determinant is

R — Ro)(Ro — R9)R:R Ry — R)(Ro — R
(R o) (Ro 5) Rz ssin(a+B)+( 1 o) (Ro G)RaRssinﬂ
18747 r3rs
(Ry — Ro)(R; — Ro)RsR;
+ sin a.
7372

In §16 it was shown that 60° <a <120° and B <60°. Consequently o+ 3
<180° and all of the terms of the determinant are positive. It cannot,
therefore, vanish. The coefficients in the expansions of equations (45) can be
computed, but, for the sake of brevity, the computations will be omitted.
They are found to be periodic functions of § with the period 2w, a result that
could have been anticipated from the geometrical relations between the con-
jugate points. If these expansions are substituted in (46), and the coefficients
simplified by simple trigonometric relations between the sides and angles of
the trapezoid, it is found that
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r&f=rs+0-p
r3(S5Ro—2R;) cos? (6+a) +73(SRy— 2Rs) cos? (8—B) +2r,(Ry— Ry) sin? 8 \
P

48) +
(48) Rs(Rl—RO)(R22+R62)+7173(R2—R0)

4o

From the relations between the sides and diagonals of admissible quad-
rilaterals, §14, and equation (34), it follows that all of the coefficients in
equation (48) are positive. Therefore for values of p different from zero r;*
is greater than r;. This establishes analytically the limit property of the isos-
celes trapezoid points discussed in §19.

The locus of ms*, for 7,* =const., up to terms of the second degree in p, is

p2 [f:;(SRo - 2R2) cos? (0+a) +1‘3(5Ro— 2R5) cos? (0—6) + 2"1(R2— Ro) sin? 0]

+ - . - = a constant.

The expression within the bracket is a homogeneous quadratic function of
sin @ and cos 0 that does not vanish. Therefore for p sufficiently small the self
conjugate curves r;=const. are approximately ellipses with centers at the
isosceles trapezoid points. The conjugate ellipse described by m.* is, of
course, the reflection of that described by m;* but if m;* moves in its ellipse
clockwise, m* moves in its ellipse counterclockwise, so that the position of
m4* in its ellipse is not the reflection of m;* ih its ellipse.

22. Masses associated with admissible quadrilaterals. It was shown in
§§14 and 17 that the ratios of the masses which are associated with a given
admissible quadrilateral and a given 7, are uniquely determined by equations
(26). Indeed, if the six sides of the quadrilateral are given, 7, itself is uniquely
determined by equation (18), unless all three of the expressions for R, take
an indeterminate form, and this can happen only if

R1=R2=R5andR2=R4=Rs,
or
ri=1ry =15 and ry = ry = rs.

In this case 7, is entirely arbitrary; the masses m,, m,, and m; are equal and
lie at the vertices of an equilateral triangle; the mass m, is arbitrary but it is
placed at the center of the equilateral triangle which is formed by the other
three masses.

THEOREM. Associated with each admissible quadrilateral there is one and
only one set of mass ratios, with the single exception of three equal masses at the
vertices of an equilateral triangle and a fourth arbitrary mass at the center of
gravity of the other three.
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With one exception, if an admissible quadrilateral is given the mass ratios
are uniquely determined. If the masses are given, does there necessarily exist
an admissible quadrilateral for them, and, if so, is this quadrilateral unique?

Consider first convex quadrilaterals for which the condition

ro>r >0

holds, and suppose 7, is given. For every position of m; in the region Oasb,,
Fig. 4, there exists one and only one position for m,, and that position lies in
the region Ob,a,. The mass ratios m;: m,:ms:m, can be regarded as functions
of the position of s, for both the mass ratios and the ratios a;/B:;,7=1, 2, 3,4,
are continuous single-valued functions of the position of m;. The ratios

a;

— =0, or © (t=1,2349
implies that at least three of the bodies are in a straight line. Hence it is evi-
dent from Fig. 4 that for every »,>0 that is less than 7, the ratios a:/8; have
a positive finite upper bound and a positive non-zero lower bound. If m;
approaches any point on the arc Ob, (the point O itself excepted), the ratio
m, . me approaches 0:1, by equation (27). If m; approaches any point of the
arc Oa; (the point O again excepted), the ratio m,:m, approaches 0:1. There-
fore there exists a curve C; which starts at O and terminates on the arc a.b,
on which the ratio m,:m.=*k;; is an arbitrarily given positive constant.

As m3 moves along the curve Cs, the point m, moves along a certain curve
Cq in the region Ob,a,. If m; approaches O on C; the point m, approaches a
definite point on the arc a.b;, and the ratio m;:m, approaches 1:0. If m; ap-
proaches the arc a.b. along the curve Cs, the ratio ms:m, approaches 0:1.
Hence there exists a point on the curve Cs at which m;:m, = ks, an arbitrarily
given constant. Hence

THEOREM. For every ro and ry such that ro>r.>0, there exists at least one
admissible quadrilateral for which
my

ms
— = k12 and — = k34,
me my

where ki and ksq are arbitrarily given positive constants.

From the symmetry of the figure, it follows that for every r;<r, there
exisis an admissible quadrilateral for which
my ms

_— = klg and — = ku.
me my
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Now consider the series of admissible convex quadrilaterals for which

mi ms3
_— = klz and — = k34,

mo my
as, 7o remaining fixed, »; tends toward zero. It follows immediately from the
geometry of the quadrilateral, Fig. 1, that as », tends toward zero, r5 tends
toward 7, and 7 tends toward 7,. But in every admissible convex quad-

rilateral

re < rg < rpg and 7y < 7y < 7.

Consequently, at the limit

To = 1y = ¥g = T = 7o,
and since
(Ry — Ro)(Rs — Ro) = (Rz — Ro)(Re — Ry),

the left member tends toward zero just as the right member does. But R,
tends toward infinity; hence R; tends toward Ro, which is the same as saying
that 7; tends toward 7. Consequently as 7, tends toward zero, all of the re-
maining sides and the diagonals tend toward the value 7,.

The functions a; and B, however, tend toward zero as 7, diminishes; for
the point 4 in Fig. 1 tends toward coincidence with the point m,. But since,
§5,

nai + asraa: = By,
it is seen that
az 2
a, + —ra; = —ray
71 4%
and consequently as 7, tends toward zero, the ratios az/r; and Bi/r: tend to-
ward limits that are not zero. For the angles between the unit vectors a;
and a,, and between a, and a, for admissible convex quadrilaterals, always lie
between 60° and 120°, and the angle between a; and a, tends toward the
definite limit 120°. The common limit of 7, and 7, is 7o, and the coefficient of
a; in the above equation is unity. Hence zero is not a limit for either az/r,
or Bi/11.
Now, by equations (26),

my  afls Rg— Rome by r1(Rs — Ro) mq

ms - Beaz Ry — Ro my (34012) 1—7rRy, ma

r 12
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Since the limit of as and B, is zero, the limits of 3; and a4 are —1 and +1
respectively. Hence, as 7, tends toward zero, 7, remaining fixed, the limit of

mime

Mmamiy

In a similar manner it is shown that if r, tends toward r,, then r; tends
toward zero, and the limit of

mamy

myms
It follows, therefore, that for some value of 7, in the interval
0=7rn=rn
there exists an admissible convex quadrilateral for which
my ms3 mimse

—_— = klz, —_— = k34, and
me my mzme

=k’

where ks, ks, and k are arbitrarily specified constants. It will be observed
that it is not proved that there exists but one such value of 7,.
This result can be expressed as follows:

THEOREM. For every four given masses and assigned order there exists at
least one admissible convex quadrilateral.

A corresponding theorem for concave quadrilaterals has not been proved.
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